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Chaos
Definition [Devaney (1989)]

LetV beasetandf:V — V amap on this set.
We say that f is chaotic on V if

1. fhas sensitive dependence on initial conditions.
2. fistopologically transitive.

3. periodic points are dense in V.
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1. f has sensitive dependence on initial conditions.

f . V — V has sensitive dependence on initial conditions if
there exists 0 > 0 such that, for any x € V and any
neighborhood 4 of X, there existy € 4 and n > 0, such that
If "(x)—f "(y)| > o, where f " denotes n successive
applications of f.

There exist points arbitrarily close to x which eventually
separate from x by at least ¢ under iterations of f.

Not all points near x need eventually move away from X
under Iteration, but there must be at least one such point
In every neighborhood of x.
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2. T Is topologically transitive.

f .V — Vissaid to be topologically transitive if for any

pair of open sets U, W c V there exists n > 0 such that
fr(U) N W+Q.

This implies the existence of points which eventually
move under Iiteration from one arbitrarily small
neighborhood to any other.

Consequently, the dynamical system cannot be
decomposed into two disjoint invariant open sets.
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Chaos

A chaotic system possesses three ingredients:

1. Unpredictability because of the sensitive
dependence on initial conditions

2. Indecomposability because it cannot be
decomposed Iinto noninteracting subsystems due

to topological transitivity

3. An element of regularity because It has periodic
points which are dense.

Usually, in physics and applied sciences, people use
the notion of chaos In relation to the sensitive
dependence on initial conditions.



Autonomous Hamiltonian systems

Consider an N degree of freedom autonomous
Hamiltonian system having a Hamiltonian function of the

form: positions momenta
A A

H(éll’%---aqs’ blipzr"apT\l)




Autonomous Hamiltonian systems

Consider an N degree of freedom autonomous
Hamiltonian system having a Hamiltonian function of the

form: positions momenta
A A

H(aliqb"-aqs’ blipzr"?pT\l)

The time evolution of an orbit (trajectory) with initial
condition

P(0)=(q,(0), 9,(0),...,ay(0), P,(0), P5(0),...,py(0))

IS governed by the Hamilton’s equations of motion
dp; _ ¢H dg., _ dH

dt  oq, dt op,




Autonomous Hamiltonian systems

Consider an N degree of freedom autonomous
Hamiltonian system having a Hamiltonian function of the

form: positions momenta
A A

H(aliqb"-aqs’ blipzr"?pT\l)

The time evolution of an orbit (trajectory) with initial
condition

P(0)=(q,(0), 9,(0),...,ay(0), P,(0), P5(0),...,py(0))

IS governed by the Hamilton’s equations of motion
dp; _ ¢H dg., _ dH

dt  oq, dt op,
Phase space: the 2N dimensional space defined by
variables (1,05,««+,0ns P1:P2s+ -+, PN
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THE ASTREODNOMICAL JOURNAL VOLUME a9, NUMBER 1 FEREUARY 1964

H = Y’

The Applicability of the Third Integral Of Motion:
Some Numerical Experiments

MicheL HEnon* avp Carr HEILES

Princeton Universily Observatory, Princelon, New Jersey
(Beceived 7 August 1963)

The problem of the existence of a third isolating integral of motion in an axisymmetric potential is in-
vestigated by numerical experiments, Tt is found that the third integral exists for onlyv a limited range of
initial conditions,

Hamilton’s equations of motion: (X = P,

y=p,
=9 .
dt  dp, P, = -X - 2Xy
. 2 2
P, =-y-X"+y

taq,

dp, _ oH dg; _ 0H

\
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For H=0.125 we get a regular and a chaotic orbit with initial conditions (ICs):
x=0, y=0.1, p,=0 and x=0, y=-0.25, p,=0

We perturb both ICs by 6p, =10 (!) and check the evolution of x
Orbit Perturbed
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For H=0.125 we get a regular and a chaotic orbit with initial conditions (ICs):

x=0, y=0.1, p,=0 and x=0, y=-0.25, p,=0
We perturb both ICs by 6p, =10 (!) and check the evolution of x

Orbit
x=0.132995718333307644
x=0.376999283889102310
x=-0.159094583356855224
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x=-0.381120533746511780

x=0.090272817735167835
X=0.295031687482249283
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Perturbed
0.132995718337263064
0.376999283870156576

-0.159094583341260309
0.101992400253961321
-0.381120533327258870

0.090272821355768668
0.295031884858625637
0.515225440480693297
0.061359558551008345

y

3



Regular vs Chaotic orbits

Hénon-Heiles system

t= 100
t= 5000
t= 10000
t= 50000
t=100000

t= 100
t= 200
t= 300
t= 400
t= 500

. _(px+p )+ l_(x by )+ xzy-i—

For H=0.125 we get a regular and a chaotic orbit with initial conditions (ICs):

x=0, y=0.1, p,=0 and x=0, y=-0.25, p,=0
We perturb both ICs by 6p, =10 (!) and check the evolution of x

Orbit
x=0.132995718333307644
x=0.376999283889102310
x=-0.159094583356855224
x=0.101992400739955760
x=-0.381120533746511780

x=0.090272817735167835
X=0.295031687482249283
Xx=0.515226330109450181
X=0.063441889347425867
Xx=0.078357719290523528

Perturbed
0.132995718337263064
0.376999283870156576

-0.159094583341260309
0.101992400253961321
-0.381120533327258870

0.090272821355768668
0.295031884858625637
0.515225440480693297
0.061359558551008345
-0.270811022674341095

y
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Chaotic orbit and its perturbation

' chaotic orbit —=—
06

.. I|r perturbed orbit —— -
III | W‘p 1|‘i l 1“" 'I"I| ‘ lllr| : hl |‘,||
M‘ ! HI‘ |H“!1mI |1||“ i H' ’ i il || il

i nm'lﬂ‘l‘ I |h |||| || | il “””p

R '\x !" ”“ Tl i

|
“I "‘ || || “ 1 I||

."ih. '[i| ”' i
|| a I \ ',I' :a "}

\“ '!!!P I !‘Jh‘h

0 200 400 500 800 1000



¥ (position

Regular vs Chaotic orbits

Regular orbit

04 ! l I' |

! I -Pi'l!,u Il ||\
|un|“ i |.I||’{ ! u|| iy

0 Tl I |‘| ||‘|.|| |\'H ,~|||| || [

Hu i "|'|' "’" i “'lh'i' ’l" N "’."i‘ il !i‘ i W "'

| . !

04 | I I | . _

t(time)



¥ (position

Regular vs Chaotic orbits

Regular orbit and its perturbation
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Poincaré Surface of Section (PSS)

We can constrain the
study of an N+1
degree of freedom
Hamiltonian system
to a 2N-dimensional
subspace of the
general phase space.

Lieberman & Lichtenberg, 1992, Regular and Chaotic Dynamics, Springer.

In general we can assume a PSS of the form q.,=constant. Then only
variables g,,9,,...,0n,P1,P2:---,Py @Fe needed to describe the evolution
of an orbit on the PSS, since p,.; can be found from the Hamiltonian.

In this sense an N+1 degree of freedom Hamiltonian
system corresponds to a 2N-dimensional map.
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Hénon-Heiles system

Chaotic sea

/Chaotic motion

Island of stability
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Computation of the PSS

dx, _
di—t-mx.xz Xy0)
I":f:("fwxz Xpp) ,,,,”
dK_M: f {:.: XypeesXpg) . O
dt M 2aeensdpyg , t +T, XI\/I(t +’C) -A>
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d_:":f:("'fwxz
dx '
—d;’i = fu(XpXp.

Computation of the PSS

-
-
-
-

Xy
X,,) P -7 421, Xy(t+27)-A>0
Xpm) , t +1, X\ (t,+1)-A>0

PSS: Xy-A=0




Computation of the PSS

% = XX Xy ) /’,,'
% = (X)X Xy) /,,/"fn+21, Xy (t,+21)-A>0
dz—;d = fM{.xlng“ujIM) ,/t,n+1;, Xy (t,+1)-A>0
PSS: x,-A=0

Xl\/l(tn)'A<O dxl — f1(:‘[1$z....,xm}

d:‘iM fm(x”xzi'"'lx}.i]
d?.’.z a f:{xplz !"'!RM}

dx,, fM(.x,,xl,...,xM}

dxy, _ fM__I'(xl,xl,..,,:{M}

d?'im fM{Ij.EE,---,IM}
dt 1

dxy, S (X XXy )




Computation of the PSS

dx -
d_t]=j-]{‘x.l|xz‘i--!xm} ”/’

0 1
% = (XX Xyy) -7 tn+2r1 XM(tn+2T)-A>O

7/
e

d ' )
% = fu (XXX y) /, tn+1‘, XM(tn+T)-A>O
. PSS: Xy-A=0

' A%, _ fiiKpXy .
$ 1, X(ty)-A<0 dx}; = fM;;’W;M’; Integration step
dx, _ filxpxyenxy)  (Tor variable x,,)

:: dx,, fu(ﬁniv----xm} IS T:A'Xm(tn)-

dxy, _ fM__I'(xl,xl,..,,:{M}

d?'im fM{Ij.EE,---,IM}
dt 1

dxy, S (X XXy )




Computation of the PSS

= o)
%:— 1(315511 ﬁx‘M} _- ,"’fn+2‘c, XM(tn+2T)'A>O
dﬁ_”: f {;: x X ) //,,
dt MU R e iy /,.’ tn+’C, XM(tn+T)'A>O
/,’ PSS: X-A=0
// _ C’ XM(tC) A O '
I dx _ f1(31!3 . -
$ 1, Xy(t)-A<0 I, fuGiroxy Integration step

dx, _ filxpxyenxy)  (Tor variable x,,)
d:'iM fu(:xuxv-"!xm} |S T:A_XI\/I(tn)'

dxy, _ S KppXg e Xyy)

dIM fm{x]rxzs-"sxm}
dt 1

dxyy  fu(X XX y)

--..__~




Computation of the PSS

Both sets of differential equations
can be written in a common form
(Henon 1982), where t is the
Integration variable:



Computation of the PSS

Both sets of differential equations
can be written in a common form
(Henon 1982), where t is the
Integration variable:

—=K SR X g s Xy)
ddt

X
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Computation of the PSS

dx
d‘i_; = (X Xy a0 X )
n:l_tI: (X)X yensXyy )

Both sets of differential equations
can be written in a common form
(Henon 1982), where t is the
Integration variable:

dx '
N b O U
-I:I_t fM{ 1 F) I'd}

dx

_d_-L =K fl{xlﬂxﬂ“'ﬁxm)
: T

X
d—; =K f, FK”KEI"JH)
dx +

d'::d =K fulx,x, Xa)



Computation of the PSS

: . . dx
Both sets of differential equations = S &XpeXy)
can be written in a common form dx, _
) ] dt 2 (X 13Xy s Xy)
(Henon 1982), where 1 is the ;
- - : : d
integration variable: % = fo (XX p0eeXyg)
PRl LN
dx, K dx, _ Si(X,X ;000X )
E =K 1, (I”:{E,...,,IH) dx,;  fu(®XpeeXy)
E d‘xl — fi{xl‘xﬂ"'!ll{}
dgu =K Sy (XX g0000Xyy) T SulRyemtu)
T ‘ ' > :
dt — K I[-'1?""!'~*I-I e f:..{ ,(?{1,11,..+,KH)
E B T=Xm» dxdht{ f:ﬂ{l"i]-?;zs---:xm}

KZI/fM(Xla X29 KR XM) dx,, B fu{xl,,{”_",x“]



Chaos detection techniques

Based on the visualization of orbits
v" Poincaré Surface of Section (PSS)
v" the color and rotation (CR) method
v" the 3D phase space slices (3PSS) technique



The color and rotation (CR) method

For 3 degree of freedom Hamiltonian systems and 4 dimensional symplectic
maps:

We consider the 3D projection of the PSS and use color to indicate the 4t
dimension.

X —-0.1

Katsanikas M and Patsis P A 2011 Int. J. Bif. Chaos 21 467



The 3D phase space slices (3PSS)
technique

For 3 degree of freedom Hamiltonian systems and 4 dimensional symplectic
maps:

We consider thin 3D phase space slices of the 4D phase space (e.g. |p,| < €)
and present intersections of orbits with these slices.

Richter et al. 2014 Phys. Rev. E 89 022902



Chaos detection techniques

Based on the visualization of orbits
v" Poincaré Surface of Section (PSS)
v" the color and rotation (CR) method
v" the 3D phase space slices (3PSS) technique
Based on the numerical analysis of orbits
v" Frequency Map Analysis
v 0-1 test



Frequency Map Analysis

Create Frequency Maps by computing the fundamental frequencies of orbits.

Regular motion: The computed frequencies do not vary in time

Chaotic motion: The computed frequencies vary in time

Frequency Maps — Boxes
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\%
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Steier C et al. 2002 Phys. Rev. E 65 056506

Papaphilippou Y and Laskar J 1998 Astron. Astrophys. 329 451



Chaos detection techniques

Based on the visualization of orbits
v" Poincaré Surface of Section (PSS)
v" the color and rotation (CR) method
v" the 3D phase space slices (3PSS) technique

Based on the numerical analysis of orbits

v" Frequency Map Analysis

v' 0-1 test
Chaos indicators based on the evolution of deviation vectors from
a given orbit

v Maximum Lyapunov Exponent

v Fast Lyapunov Indicator (FLI) and Orthogonal Fast Lyapunov
Indicators (OFLI and OFLI2)

v" Mean Exponential Growth Factor of Nearby Orbits (MEGNO)
v Relative Lyapunov Indicator (RLI)

v" Smaller ALignment Index — SALI

v Generalized ALignment Index — GALI



Variational Equations

We use the notation X = (4;,d5,.-«,dnsP1:Pose-:PN) "~ The
deviation vector from a given orbit is denoted by

V = (X4, 0X,...,0X )T, With N=2N

The time evolution of v Is given by
the so-called variational equations:

Benettin & Galgani, 1979, in Laval and Gressillon (eds.), op cit, 93



Example (Hénon-Heiles system)

— 1 2 2 1 2 2
= E(px + py)+ E(X +y )+ X
Hamilton’s equations of motion:
dp, _ oH dg; _ oH
dt  ag, ' dt op,

2, 1 3
y 3y
x=p.
y=p,

P, = -X-2Xy

p, =-y-x*+y°



Example (Hénon-Heiles system)

H = %(pi +p; |+ %(x2+ y? )+ xzy-%yB

Hamilton’s equations of motion: (X = P,

dp. _ oH dq, _ oH y=p,
) - :>< .
dt  dp, P, = -X -2Xy

P, =-y-x"+y’

In order to get the variational equations we linearize the above equations by
substituting X, y, pX, py wWith x+vy, y+v,, p,+v;, p,+v, where v=(v;,v,,v3,v,) IS
the deviation vector. So we get:

px+V3 = -X-V1-2(X+V1)(y+V2) -
p, TV, = -X-V -2XYy-2XV,-2yV,-2V,V, =

dt _6qi




Example (Hénon-Heiles system)

H = %(pi +p; |+ %(x2+ y? )+ xzy-%ys

Hamilton’s equations of motion: (X = P,

dp. _ 8H dg, _oH |Y=P
1 - ——

dt op.

dt _aqi

P, = -x-2xy‘
p, = -y-x"+y’

In order to get the variational equations we linearize the above equations by
substituting X, y, pX, py wWith x+vy, y+v,, p,+v;, p,+v, where v=(v;,v,,v3,v,) IS
the deviation vector. So we get:

px+V3 = -X-V1-2(X+V1)(y+V2) =

vy = V- -2XV, -2y, -2V,




Example (Hénon-Heiles system)

H = %(pi +p; |+ %(x2+ y? )+ xzy-%ys

Hamilton’s equations of motion: (X = P,

dp. _ 8H dg, _oH |Y=P
1 - ——

dt op.

dt _aqi

P, = -x-2xy‘
p, = -y-x"+y’

In order to get the variational equations we linearize the above equations by
substituting X, y, pX, py wWith x+vy, y+v,, p,+v;, p,+v, where v=(v;,v,,v3,v,) IS
the deviation vector. So we get:

px+V3 = -X-V1-2(X+V1)(y+V2) =

PLrvs = Xy -2 -2xv, - 2yv -2y, =




Example (Hénon-Heiles system)

H=%{M+DQ+%bf+yﬂ+xw-%W

Hamilton’s equations of motion: (X = P,

dp. _ oH dq, _ oH y=p,

dt eq ' dt ap. ¢ —-x-2xy‘
py y-x*+y’

| |
In order to get the variational equations we linearize the above equations by
substituting X, y, pX, py wWith x+vy, y+v,, p,+v;, p,+v, where v=(v;,v,,v3,v,) IS
the deviation vector. So we get:
p,+V, = -X -V -2(x+v)(y+V,) =

P, /v <20 - 2XV, - 2yV, - 2N,

V, = -V, -2yV, - 2XV,




Example (Hénon-Heiles system)
dv

Variational equations: —=-J-P-v

dt



Example (Hénon-Heiles system)
dv

VariationW m =-J-P-v

/\'/1\




Example (Hénon-Heiles system)
dv

VariationWE;\] P.v

(v,) (0 -1 0
0 -1
0 O
0 0

<
R O O O




Example (Hénon-Heiles system)
dv
Variational equations: —=-J-P-v

v,) (0 0 -1 0)(1+2y 2x 0 0
\VA 0 0 1| 2x 1-2y 0 O
vw| 100 ol 0o o 10
wv,) o1 0 o)l o 0o 01,



Example (Hénon-Heiles system)

dv

Variationjw‘a;\] P.v \

\

/g&\

(0

_ O O O

-1 0)

0
0
0

-1
0

0

(1+ 2y
2X

2X
1-2y

0
0
1
0




Example (Hénon-Heiles system)
dv

Variational equations: —=-J-P-v

)Y (0 0 -1 0)(1+2y 2x 0 0)(v,)
\VA 0 0 0 -1} 2x 1-2y 0 O},
v,| |10 0 0o 0o 0 10|y
WVv,) \01 0 0)L 0 0 0 1I)v,)
Vi = V3
VZ = V4
V, = -V, -2XV,-2yV,
V, = -V,-2XV,+2yV,



Example (Hénon-Heiles system)

0
0
1
0

Variational equations: d_V =-J-P-v
(v,) (0 0 -1 0)(1+2y 2x
V, 0 0 0 -1 2x 1-2y
v,| |10 0 of o o
wv,) o1 0 oJl o o
Vi = Vs
vV, = V,
V, = -V, -2XV,-2yV,

-V, - 2XV, + 2yV,



Example (Hénon-Heiles system)

dv

Variational equations; —=-J-P-v
(v, (0 0 -1 0\ 1+2y 2x O O\/Vl\
Vv, | |00 0 -1} 2x 1-2y 0 O v,
v, | (10 0 0] 0 0 1 0w
V4 0 1 0 0)U O 0 0 1)\v,)
v, = V, X =P,
V, = vV, + y=p,
V, = -V, -2XV, - 2yv1‘ P, = -X-2Xy
V, = -V, -2XV t+2yv, p,=-y-x"+y’

Complete set of equations



Symplectic Maps

Consider an 2N-dimensional symplectic map T. In this
case we have discrete time.

This Is an area-preserving map whose Jacobian matrix

BCLINCA I

OX,  OX, OXop,

o |,

M=—=| 0X;, 0X, OXop,
OX : :

0Ty 0Ty Ty

| OX,  OX, X,y |

satisfies
M T‘J2N M= ‘]ZN



Symplectic Maps

Consider an 2N-dimensional symplectic map T. In this
case we have discrete time.

The evolution of an orbit with initial condition
P(0)=(x,(0), X5(0),...,x,5(0))

IS governed by the equationsof map T
P@{+1)=T P@) , i=0,1,2,...

The evolution of an initial deviation vector
v(0) = (8%,(0), 6X,(0),..., X, (0))
IS given by the corresponding tangent map

V(i + 1) = 2—; (i) ,i=0,1,2,..



Example — 2D map

Equations of the map:

' X X, = X,tXx
(Xf]=T( 1]: TN (mod 21
X

X, = X,-vsin(x,*+Xx,)



Example — 2D map

Equations of the map:

X, X X, = x,+Xx
1 1 1 1 2
=T = .
X, X, X, = X,-vsin(x,*+Xx,)

(mod 2m)



Example — 2D map

Equations of the map:

X, Xy X, = Xx;tx,
=T = . (mod 27)
X, X, X, = X,-vsin(x,*+Xx,)

Tangent map:

vi+1):a—T
/ Pl
dx;
dx;

V(1)




Example — 2D map

Equations of the map:

X, Xy X, = Xx;tx,
=T = . (mod 27)
X, X, X, = X,-vsin(x,*+Xx,)

Tangent map: -

V(i+1)= p=
/ ¥

ax; ) 1 1
dx;, -veos(x, +x,) 1-vcos(x,+x,)

v(i)




Example — 2D map

Equations of the map:

' X X, = X,tXx
(Xf]=T( ‘]: : L (mod 27)
X

X, = X,-vsin(x,*+Xx,)

Tangent map: -
—1 V(i)

ox; | _ 1 1 dx,
dx/, -veos(x, +x,) 1-veos(x, +x,) )| dx,




Lyapunov Exponents

Roughly speaking, the Lyapunov exponents of a given
orbit characterize the mean exponential rate of divergence
of trajectories surrounding it.

Consider an orbit in the 2N-dimensional phase space with
Initial condition x(0) and an initial deviation vector from it
v(0). Then the mean exponential rate of divergence is:

0]
o(x(0),¥(0) = lim F1n oo

We commonly use the Euclidian norm and set
d(0)=lv(0)[|=1



Lyapunov Exponents

There  exists an M-
dimensional basis {&} of v
such that for any v, ¢ takes
one of the M (possibly
nondistinct) values

5i(x(0)) = (x(0), &)

which are the Lyapunov
exponents.

Tangent
Space at x

space W

Benettin & Galgani, 1979, in Laval and Gressillon (eds.), op cit, 93

In autonomous Hamiltonian systems the M exponents are ordered in
pairs of opposite sign numbers and two of them are 0.



Computation of the Maximum
Lyapunov Exponent

Due to the exponential growth of v(t) (and of d(t)=||v(t)||)
we renormalize v(t) from time to time.

Nearby trajectory

Trajectory

Figure 5.6. Numerical calculation of the maximal Liapunov characteristic expo-
nent. Here y = x + v and 7 is a finite interval of time (after Benettin et al., 1976).

Then the Maximum Lyapunov exponent is computed as

¢, = lim LZ In d.

e NT o



Maximum Lyapunov Exponent

1ot 4 T e Stochastic
21/”—' 'j:j::fssqu.;;;;izia:h
102} ~,
._—-\\.\.\
—N- : AN N
¢,=0: Regular motion "" VAN
A .\ I_\'§:\0rdered
¢,70: Chaotic motion o} RN
.:\\b
'\:'\.\
102 103 0%

nT

Figure 5.7. Behavior of 6 , at the intermediate energy E = 0.125 for initial points
taken in the ordered (curves 1-3) or stochastic (curves 4-6) regions (after Benettin
et al., 1976).

If we start with more than one linearly independent
deviation vectors they will align to the direction defined by
the largest Lyapunov exponent for chaotic orbits.
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The
Smaller ALignment Index
(SALI)
method



Definition of the SALI

We follow the evolution in time of two different initial
deviation vectors (v,(0), v,(0)), and define the SALI (Ch.S.
2001, J. Phys. A) as:

SALI() = min i, (6)+ 0, (0 J7, (0 v, (0]

where

v, (t)
Jv.(0)]

When the two vectors become collinear

SALI(t) — 0

v, (t) =



Behavior of the SALI for chaotic motion

For chaotic orbits the two Initially
different deviation vectors tend to
coincide with the direction defined
by the maximum Lyapunov

exponent.
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coincide with the direction defined
by the maximum Lyapunov
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Trajectory
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Behavior of the SALI for chaotic motion

For chaotic orbits the two Initially
different deviation vectors tend to
coincide with the direction defined
by the maximum Lyapunov

exponent. 0 (t)
2

Trajectory



Behavior of the SALI for chaotic motion

For chaotic orbits the two Initially
different deviation vectors tend to
coincide with the direction defined
by the maximum Lyapunov

exponent. 0 (t)
-

SALI(0)

Trajectory



Behavior of the SALI for chaotic motion

For chaotic orbits the two Initially
different deviation vectors tend to
coincide with the direction defined
by the maximum Lyapunov /. s
exponent. ' 0, (1)

Trajectory



Behavior of the SALI for chaotic motion

We test the validity of the approximation | SALI~e(¢1e2t (Ch.S.,
Antonopoulos, Bountis, Vrahatis, 2004, J. Phys. A) Tfor a chaotic orbit
of the 3D Hamiltonian

3
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Behavior of the SALI for regular motion

Regular motion occurs on a torus and two different initial
deviation vectors become tangent to the torus, generally
having different directions.
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deviation vectors become tangent to the torus, generally
having different directions.




Behavior of the SALI for regular motion

Regular motion occurs on a torus and two different initial
deviation vectors become tangent to the torus, generally
having different directions.




Appli

cations — Hénon-Heiles system

As an example, we consider the 2D Hénon-Heiles system:

1 . ; 1 . ; ; 1 .
= 5(10;21; +Pf,) + 5(11?2 +y?) + 2%y — §y3

For E=1/8 we consider the orbits with initial conditions:
Regular orbit, x=0, y=0.55, p,=0.2417, p, =0

Chaotic orbit, x=0, y=-0.016, p,=0.49974, p,=0

Chaotic orbit, x=0, y=-0.01344, p,=0.49982, p,=0

H,

0.5

0 F

log(SALI)
do

12 +

-16




Applications — Héenon-Heiles system
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Applications — 4D ma

= X, tX,

=~

= X,-vsin(X; +X,)-pu[l-cos(x, + X, + X, +X,)]

(mod 27)
= XgtX,

X X X X
w > N

N~

= X, -kSin(X; +X,)-u[l-cos(x, +X,+X;+X,)]

For v=0.5, ¥=0.1, u=0.1 we consider the orbits:
regular orbit C with initial conditions x,=0.5, x,=0, Xx,=0.5, x,=0.
chaotic orbit D with initial conditions x,=3, X,=0, x,=0.5, x,=0.

logl




Applications — 4D ma

= X, tX,

=~

= X,-vsin(X; +X,)-pu[l-cos(x, + X, + X, +X,)]

(mod 27)
= XgtX,

X X X X
w > N

N~

= X, -kSin(X; +X,)-u[l-cos(x, +X,+X;+X,)]

For v=0.5, ¥=0.1, u=0.1 we consider the orbits:
regular orbit C with initial conditions x,=0.5, x,=0, Xx,=0.5, x,=0.
chaotic orbit D with initial conditions x,=3, X,=0, x,=0.5, x,=0.

logl




Applications — 4D ma

=~

= X1+X2
= X,-vsin(X; +X,)-pu[l-cos(x, + X, + X, +X,)]
= X3 +X4
= X, -kSin(X; +X,)-u[l-cos(x, +X,+X;+X,)]

N~

(mod 27)

X X X X
S

N~

For v=0.5, ¥=0.1, u=0.1 we consider the orbits:
regular orbit C with initial conditions x,=0.5, x,=0, Xx,=0.5, x,=0.
chaotic orbit D with initial conditions x,=3, X,=0, x,=0.5, x,=0.

logl
log(SALI)




Applications — 4D ma

= X1+X2
= X,-vsin(X; +X,)-pu[l-cos(x, + X, + X, +X,)]
= X3 +X4

X X X X
WS NS e

N~

= X, -kSin(X; +X,)-u[l-cos(x, +X,+X;+X,)]

For v=0.5, ¥=0.1, u=0.1 we consider the orbits:
regular orbit C with initial conditions x,=0.5, x,=0, Xx,=0.5, x,=0.

chaotic orbit D with initial conditions x,=3, X,=0, x,=0.5, x,=0.

logl
log(SALI)




The
Generalized ALIgnment Indices
(GALISs)
method



Definition of the Generalized
Alignment Index (GALI)

SALI effectively measures the area’ of the parallelogram
formed by the two deviation vectors.
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Definition of the Generalized
Alignment Index (GALI)

SALI effectively measures the ‘area’ of the parallelogram
formed by the two deviation vectors. .- //




Definition of the Generalized
Alignment Index (GALI)
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Definition of the Generalized
Alignment Index (GALI)

SALI effectively measures the ‘area’ of the parallelogram
formed by the two deviation vectors.

02 Vo[V + Vo
2

SALl_maX{ \71_\722||’||\71_|_\72”} —

Area oc SALI

Area =¥, "V,




Definition of the GALI

In the case of an N degree of freedom Hamiltonian system or
a 2N symplectic map we follow the evolution of

k deviation vectors with 2<k<2N,

and define (Ch.S., Bountis, Antonopoulos, 2007, Physica D)
the Generalized Alignment Index (GALI) of order k :




Behavior of the GALI, for chaotic motion

GALI, (2<k<2N) tends exponentially to zero with
exponents that involve the values of the first k largest
Lyapunov exponents ¢,, 6,, ..., 6, :

G A |_ | (t) 0 e'[(61-02)+(01-03)+,,,+(61.6k)]t
k

The above relation is valid even if some Lyapunov
exponents are equal, or very close to each other.



Behavior of the GALI, for chaotic motion

N particles Fermi-Pasta-Ulam (FPU) system:
1 N1
H=22p Z{E(qm ;) +%(qi+1 -qi)ﬂ
i=1 i=0

with fixed boundary conditions, N=8 and p=1.5.
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Behavior of the GALI, for regular motion

If the motion occurs on an s-dimensional torus with s<N then the
behavior of GALI, is given by (Ch.S., Bountis, Antonopoulos, 2008,
Eur. Phys. J. Sp. Top.):

-

constant If 2<k<s
GALIk(t)oc<tk1_S If s<k<2N-s
1 .
T If 2N-s<k <2N

while in the common case with s=N we have :

(constant if 2<k <N
GALI (! 1

£ 20N)

if N <k<2N




Behavior of the GALI, for regular motion

N=8 FPU system

7t & 1 < T el 1 1
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A time-dependent
Hamiltonian system



Barred galaxies

NGC 1433 NGC 2217




Barred galaxy model

The 3D bar rotates around its short z-axis (X: long axis and y: intermediate). The
Hamiltonian that describes the motion for this model is:

1
H :E(pf +p; +p;)+V (X, Y,2) -, (xp, — yp,) = Energy

This model consists of the superposition of potentials describing an axisymmetric
part and a bar component of the galaxy (Manos, Bountis, Ch.S., 2013, J. Phys. A).

a) Axisymmetric component:

1) Plummer sphere: 1) Miyamoto—Nagai disc:
GM GM,
V X, Y,Z)=— S Visc(X’y’Z):_
sprere (X1 Y1) \/x2+y2+22+532 : \/x2-|—y2+(A+\/Bz+22)2

b) Bar component:v. (x,y,z)=-zGabc -2 j‘” au @L-m? ()",

n+174 A(u)
Ferrers bar 2 2 ’
( ) where m?(U) = —— +—%— + —Z— A’(u) = (a2 +u)(b? +u)(c* +u),
105 GM,, a‘+u b°+u c +u
P = n : positive integer (n = 2 for our model) , A: the unique positive solution of m*(1) =1
327 abc
ity is: 1-m?)", form<1 x> y? 7’
Its density Is: p= Pl ) , Where m? = 2+y2+ ~,a>b>candn=2.
0, form>1 a- b° ¢



Time-dependent barred galaxy model

The 3D bar rotates around its short z-axis (X: long axis and y: intermediate). The
Hamiltonian that describes the motion for this model is:

1
H :E(pj +p; + P2)+V (X y,Z,t) - Q, (xp, — yp,) = Energy

This model consists of the superposition of potentials describing an axisymmetric
part and a bar component of the galaxy (Manos, Bountis, Ch.S., 2013, J. Phys. A).

a) Axisymmetric component: Mg+ Mg (t) + My (t) =1 with My(t) =Mg(0) +at
1) Plummer sphere: 1) Miyamoto—Nagai disc:
GM GM,, (t)
V X\Y,Z2)=— S Visc(X’y’Z):_
sprere (X1 Y1) \/X2—|—y2+22+832 : \/x2+y2+(A+\/m)2

b) Bar component:y. (x.y. z) = —zGabe—L [*—3_1—m2 ()™
) p o (X,,2) = —rGabet [ (- me W)™
Ferrers bar 2 2 2
( ) where m?(U) = —— +—%— + —Z— A’(u) = (a2 +u)(b? +u)(c* +u),
105 GM . (t) a‘+u b°+u c +u
Pe = 397 abc = n : positive integer (n = 2 for our model) , A: the unique positive solution of m*(1) =1

ity is: 1-m?)", form<1 2yt 7P
Its density is:  ,_ p,(1—m*) wherem?=2-+2_ 1% asb>candn=2.
0, form>1 a- b° ¢
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Numerical Integration of
Equations of Motion
and
Variational Equations



Efficient integration of variational
equations

Consider an N degree of freedom autonomous
Hamiltonian system having a Hamiltonian function of the
form:

N
— 1 - 3 [ ;__
H(3.0) =5 ) 1i + V(@
=1

with (j: ((]1 (t)f,qg (t),_ e uy (]N(t)) ﬁ: (])1 (t),pg(t), ...y PN (f))
being respectively the coordinates and momenta.

The time evolution of an orbit is governed by the
Hamilton’s equations of motion
qg=1p

-
—

p=-

oV
oq




Variational Equations

The time evolution of a deviation vector

W(t) = (3q1(t).0g2(1). ..., qn (£), 3p1(t), 3pa(1), . ... opn (1)
from a given orbit is governed by the variational

equations: L
0q = 0p
op = D2V (q(t))dq

; 92y
where  D2V(Gt)u = 2D ip_19. N
()Qj()Qk (1)

The variational equations are the equations of motion of
the time dependent tangent dynamics Hamiltonian (TDH)
function

Hy, 5q 5]) t) Zép + — ZD2 t))i10q;0qy




Autonomous Hamiltonian systems

As an example, we consider the Hénon-Heiles system:

L, 2 L 2 2 1 5
Hy = 5(}% +py) + 5(117 +y°) + %y — §y
(T = P,
- . . Yy = Dy
Hamilton’s equations of motion: { {
P, = —x — 22y
\ py — 3}2 R Y
[ Sr = 0P,
. : oy = 0p
Variational equations: { Y Py o o
op, = —(1+ 2y)dx — 2xdy
L Op, = —2xox + (—1+ 2y)dy




Integration of the variational equations

(& = p.
?J = Dy
We use two general-purpose numerical Poo = =0~ fo
integration algorithms for the integration of ¢ ;;’ : gpr oY
the whole set of equations: @ — p,
op, = —(1+2y)ox — 20y
\0p, = —2x0x+ (—1+2y)oy

a) the DOP853 integrator (Hairer et al. 1993,
http://lwww.unige.ch/~hairer/software.html), which is an explicit non-symplectic
Runge-Kutta integration scheme of order 8,

b) the TIDES integrator (Barrio 2005, http://gme.unizar.es/software/tides),
which is based on a Taylor series approximation
dy(tz) T2 dzy(tz) n T dn"y(t.z'_)
dt 21 di? o onl o dir
for the solution of system dy (1)

y(ti + T) ~ y(ti) + T




Symplectic Integration schemes

Formally the solution of the Hamilton’s equations of motion can be written

> dX t"
— v | — v 7 (+\ — S I" Y =atth
E—{H,X}— L, X :X(t)-;n! L} X =e™ X
where X is the full coordinate vector and L, the Poisson operator:
N
LHf:Z oH of oH of
op; 0q; 4q; op;

j=1
If the Hamiltonian H can be split into two integrable parts as H=A+B, a

symplectic scheme for integrating the equations of motion from time t to
time t+t consists of approximating the operator @™+ by

J
e‘rLH — e‘r(LA+LB) ~ Heci‘rLAedi‘rLB
) =1
for appropriate values of constants c;, d..
So the dynamics over an integration time step t i1s described by
a series of successive acts of Hamiltonians A and B.




Symplectic Integrator SABA,C

We use a symplectic integration scheme developed for Hamiltonians of the
form H=A+eB where A, B are both integrable and ¢ a parameter. The
operator @™+ can be approximated by the symplectic integrator (Laskar

& Robutel, 2001, Cel. Mech. Dyn. Astr.):

SABA2 p— eclTLA eleLgB ecz‘rLA ed1~cLsB eclTLA

withe, =83 o _¥8 1
6 3 2

The integrator has only positive steps and its error is of order

O(te+12e?).

In the case where A is quadratic in the momenta and B depends only on

the positions the method can be improved by introducing a corrector

C={{A,B},B}, having a small negative step: -t3¢ %L{{

L _(2-403) €
withc = T

Thus the full integrator scheme becomes: SABAC, = C (SABA,) C and its
error is of order O(t*st+t%€?).

AB}B}




Tangent Map (TM) Method

Use symplectic integration schemes for the whole set of equations (Ch.S.,
Gerlach, 2010, PRE)

We apply the SABAC, integrator scheme to the Hénon-Heiles system
(with e=1) by using the splitting:

1 . ; 1 . 5 1

with a corrector term which corresponds_'to the Hamlltonlan functlon:
C={{A,B},B} = (z+ 2:1:y)2 + (:1:2 —y® + y)

We approximate the dynamics by the act of Hamiltonians A, B and C,
which correspond to the symplectic maps:

(2 = x+p.T
/
T ! = Y+ pyT
TS }y),’ = ]y) b ) ¥ = x
x €T /
Py = D Lo ) Y Y ; :
\ : , ‘ . ]);L = Pz — 21(1 + 212 + 6y + 2@/{2)7 :
( fl?f = T Py, = py—2(y— 3y? + 2y° + 322 + 22%y)T
E’.TLB :< y, T y
plo= p,—x (1 -+ QQ)T
Py = Pyt (P =2 —y)T



Tangent Map (TM) Method

Let @ = (2, Y, Pus Dy, 0L, 0Y, 04, OPy)
The system of the Hamilton’s equations of motion and the variational equations
Is split into two integrable systems which correspond to Hamiltonians A and B.

T = Py
Yy = Dy
P, = —x — 2y
Py = Y —a® —y
Sr = 0P
oy = Op,
op, = —(1+ 2y)da — 2ady

op, = —2xdx + (—1+ 2y)oy

Yy



Tangent Map (TM) Method

Let @ = (2, Y, Pus Dy, 0L, 0Y, 04, OPy)
The system of the Hamilton’s equations of motion and the variational equations
Is split into two integrable systems which correspond to Hamiltonians A and B.

T = P o= )
Y — Dy ( j y = py
) —_ — — 9 ? A ]) ]:73; =0
P x — 2xy . .
S g2 2 v u .
p'y — Yy ==y 5; — p. F = E = Laviu
PO Sy = dp,
501 = OPs op, = 0
6y - 5])3@’ op, = 0 )
op, = —(1+2y)dx — 2xdy

op, = —2xdx + (—1+ 2y)oy

Yy



Tangent Map (TM) Method

Let @ = (2, Y, Pus Dy, 0L, 0Y, 04, OPy)
The system of the Hamilton’s equations of motion and the variational equations
Is split into two integrable systems which correspond to Hamiltonians A and B.

flf = Ps i o= pe )
Y — Dy A( j’) Yy o= Dy
Pa = —x— 2y ! > e .
s 2 2 (A o .
Py = Y 2 Y 5‘13 = Op. F = E—LAVU
PO oy = 0py
501 = 0Pa op, = 0
6y - 5])3@’ op, = 0 )
op, = —(1+2y)dx — 2xdy
op, = —2wox + (—1+ 2y)dy
T =0 )
y =0
B(g’) Pe = —x— 21y
T')_y = yz a? Y di I
dr = 0 ¢ = ar Bvu
oy = 0
op, = —(1+2y)éx — 2xdy
op, = —2wdx + (—1+2y)dy |




Tangent Map (TM) Method

Let @ = (2, Y, Pus Dy, 0L, 0Y, 04, OPy)
The system of the Hamilton’s equations of motion and the variational equations
Is split into two integrable systems which correspond to Hamiltonians A and B.

3.: = Pz T = py ) (2 = x+p.T
Yy — Dy A(jj’) y = Dy y'oo=ytpyT
P, = —x — 2xYy > Pe = 8 Pfl?/’ = Pu
. o 2 o 2 o ])‘y - dﬁ; - TL Ay . Py - ])y
Py = Y £ Y S = Ope (T At =Lavi = € N o = dx + 0p,. T
PO dy = dp, oy = dy+ op,T
0r = 0py Sp, = 0 5, = op.
s r_
C?y — 5])',@/ op, = 0 ( 0Py, = Opy
op, = —(1+2y)ox — 220y
op, = —2wox + (—1+ 2y)dy
T =0 ) e CI?! =
y =0 voo=y
D, = —x — 2T ' _ :
B(@ by = P —atey dit Py = p‘“ﬁ'@”ﬁ” )
'y . Lo = s . L ecs ol = py+ (yF — 2 —y)T
Sr — 0 ;= E = Lpyi = e"Lev . 4 1:57}’ _ {Sf; 4 Y
oy =0 by’ = by
op, = —(1+2y)ox — 220y op'. = dp, — [(1 4+ 2y)ox + 22dy| T
op, = —2wdx + (—1+ 2y)dy | [ 0p), = Opy + [2w0x + (—1+ 2y)oy| 7




Tangent Map (TM) Method

So any symplectic integration scheme used for solving the Hamilton’s
equations of motion, which involves the action of Hamiltonians A, B and

C, can be extended in order to integrate simultaneously the variational
equations.

¥ = x4+ p,.T
eTLa . y = y-+p,T
| . p-,;-; = Pz
v = D
py - py
¥ = x
eTLB . y! = Y
) P = pe—x(l 4 2y)7
pi, = Pyt (yz —x? — y)T
=
Lo )Y =y | |
" ) plo= p.—22(1+ 2;1:2 + 6y + Qytz)T |
p; = py, — 2(y — 3y + 23 + 322 + 2:1:2y)’r



Tangent Map (TM) Method

So any symplectic integration scheme used for solving the Hamilton’s
equations of motion, which involves the action of Hamiltonians A, B and
C, can be extended in order to integrate simultaneously the variational

equatlons. Y= atopr
Yy =yt pyT
¥ = x4+ p,.T pr’ = p.
/ o
= ., T TLav Py Dy
erka y, Y+ Py € dx' = dw+ Op.T
! = p
];« Pa dy' = dy+ op,T
Dy Dy oply = Ops
6]); = op,
¥ = x
eTLB ] y! =Y
") Pe = pe—x(l42y)7
2 .2
pi, = Pyt (y — T — y)T
=
Lo )Y =y | |
" ) Pl o= p.—22(1 + 222 + 6y + 2977
/

= p, — 2(y — 3y* + 2y + 327 + 22°%y)T



Tangent Map (TM) Method

So any symplectic integration scheme used for solving the Hamilton’s
equations of motion, which involves the action of Hamiltonians A, B and
C, can be extended in order to integrate simultaneously the variational

equations. PR
y'ooo= YT
= 4T pr’ = pu ¥ =
! TLav oy = P, r=
Yo=Yyt pyT eTha ! .Y Yy Y
p, — . / 5(1/1 = O0x +0p,T P, = p.—x(l+2y)7
r x oy’ = oy + op,T )= py 4 (Y2 — 2 — )T
T), — T) 6 ), _ 6 ) “ ETLBy»' . I Yy )2 Yy Y ad Yy
Y ¥ Ji v P dx' = dx
op, = Opy syl = oy
Y = op!. = Op, — [(1 + 2y)dz + 2xdy| T
Y =y op, = Opy +[—22xdx + (=1 + 2y)dy| 7
P = P —x(l+2y)7
Pi, = Pyt (yz — y)T

¥ =

y =y | |

P, = p.—22(1+ 227 + 6y + 29T
!

Py = Dy — 2(y — 3y + 23 + 322 + QQTQQ)T



Tangent Map (TM) Method

So any symplectic integration scheme used for solving the Hamilton’s
equations of motion, which involves the action of Hamiltonians A, B and
C, can be extended in order to integrate simultaneously the variational

equations. v s
y'ooo= YT
v = v+ p,T pr' = p. ¥ o=
I = L av Py = py A
TLa. )Y Y+ DyT emtn o Y Y
€ . pf — D, /v 51/ B O + Op.T P = p.— az(;l + Qy)fr
T oyt = oy +op,T )= py+ (Y2 — 2% —y)
T),l, = Py opl. = op " eTbev . gy / gy .
) i € r = ox
6]); = op, sy = by
2 = opl, = O0p, — [(1 4+ 2y)dx + 2xdy| T
Y =y op,, = Opy + [—2w0x + (=14 2y)dy| 7
I = _
e B
Pp = P —a(l+2y)7
2 .2
Pi, = pyt(y"—x YT /
¥ =
o=y
y 1 P o= p.—22x(1+ 272 + 6y + Qy;z)’r ;
‘fl’! = Z ])_’yl = p, — 2(y — 3y% + 2% + 322 + 22%y)7
PTLG : o ‘ ‘ /' erhev 61:/ = e
" ) Pl = pe—22(1 4+ 227 + 6y + 29T gy, - gy 2[(1 4627 + 252 + 690
I — 9y — 32 99,3 372 Y2 P, = 0py — 2 + 62° + 2y~ + 6y)ox+
Py = py— 2y —3y7 +2y7 + 327 + 207y 7 12(3 + 2y)0y| T
op, = Opy — 2[22(3 + 2y)da+
+(1+ 222 + 6y% — 6y)oy| T
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