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Chaos
Definition [Devaney(1989]

Let V beasetandf: VY V amap on this set
We saythat f is chaoticon V If

1. f hassensitive dependence on initial conditions.
2. fistopologically transitive.

3. periodic points are densean V.
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f: VY V hassensitive dependence on initial conditiais
there existgl O>such that, for any N V and any
neighborhoodpof x, there exisy ¥ gpandnO 0, s u
f"(x) 1"(y)|> , wheref "denotes successive
applications of.

There exist points arbitrarily close xovhich eventually
separate from by at leastiunder iterations off.

Not all points neax need eventually move away fram
under iteration, but there must be at least one such poir
In every neighborhood of.
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Chaos
2. f Is topologically transitive.

f: VY Vis said to beopologically transitivef for any

pair of open setd), WO V there exists1 > 0 such that
fnU) VE A

This implies the existence of points which eventually
move under iteration from one arbitrarily small
neighborhood to any other.

Consequently, the dynamical system cannot be
decomposed into two disjoint invariant open sets.
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Chaos
A chaotic systempossessethree ingredients:

1. Unpredictability because of the sensitive
dependence on Initial conditions

2. Indecomposabllity because it cannot be
decomposed intahoninteracting subsystems due

to topological transitivity

3. An element of regularity because it has periodic
points which are dense.

Usually, in physics and applied sciences, people use
the notion of chaos In relation to the sensitive

dependence on Initial conditions.
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Autonomous Hamiltonian systems

Consider an N degree of freedom autonomous
Hamiltonian systemhaving a Hamiltonian function of the

form: positions momenta
A A

V4

H(C,ILCIz’ € Q,ﬁh,pz, e :u)p

The time evolution of an orbit (trajectory) with initial
condition

P(0)=(,(0), %( 0 ) (), pd0). p( 0 ) ©)) P
Isgovernedby theH a mi | egoatiansof motion
dp, _ pH dg;, _ M

dt g, odtp,
Phase space the 2N dimensional space defined by

variables g1,0,,& ,dy, P1,P2,€ Py
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Example (Hénon-Heiles system)
1

i §(pi+p§)+3(xz+v2)”2y'3y3

2

THE ASTREODNOMICAL JOURNAL VOLUME a9, NUMBER 1 FEREUARY 1964

The Applicability of the Third Integral Of Motion:
Some Numerical Experiments

MicheL HEnon* avp Carr HEILES

Princeton Universily Observatory, Princelon, New Jersey
(Beceived 7 August 1963)

The problem of the existence of a third isolating integral of motion in an axisymmetric potential is in-
vestigated by numerical experiments, Tt is found that the third integral exists for onlyv a limited range of

initial conditions,

Hami | tondos equations @{=potion:

| .
. . 1Y=P
dp H dg. H Yj y

t q, dt p }pxz-x-ny
[Py = -y-xE+y?
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2\ 2 3
For H=0.125we getaregularanda chaoticorbit with initial conditions(ICs):
x=0, y=0.1, g=0 andx=0, y=0.25, g=0.

We perturbbothICs by tUp, =10 (!) andcheckthe evolutionof x
Orbit Perturbed

t= 100 x=0.13299571833307/644 0.1329957183A263064
t= 5000 x=0.37699928389102310 0.37699928380156576
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For H=0.125we getaregularanda chaoticorbit with initial conditions(ICs):

x=0, y=0.1, g=0 andx=0, y=0.25, g=0.

We perturbbothICs by tUp, =10 (!) andcheckthe evolutionof x
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Hénon-Heilessystem H = l(pz + p§)+ l(xu y2)+ X Zy-iy’o’
2\ 2 3
For H=0.125we getaregularanda chaoticorbit with initial conditions(ICs):
x=0, y=0.1, p=0 andx=0, y=0.25, g=0.

We perturbbothICs by tUp, =10 (!) andcheckthe evolutionof x
Orbit Perturbed

t= 100 x=0.13299571833307/644 0.1329957183A263064
t= 5000 x=0.37699928389102310 0.37699928380156576
t= 10000 x=0.159094583836855224 -0.15909458381260309
t= 50000 x=0.10199240039955760 0.10199240R53961321
t=100000 x=0.38112053346511780 -0.38112053327258870

t= 100 x=0.09027287735167835 0.090272213557/68668
t= 200 x=0.29503687482249283 0.29503884858625637
t= 300 x=0.515256330109450181 0.51525440480693297
t= 400 x=0.063441889347425867 0.061359558551008345
t= 500 x=0.078357719290523528).270811022674341095
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Chaotic orbit and its perturbation
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Regular orbit and its perturbation
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We can constrain the
study of an N+1
degree of freedom
Hamiltonian system
to a 2N-dimensional
subspace of the
generalphasespace

Lieberman & Lichtenberg, 199Regular and Chaotic DynamicSpringer.

In generalwe canassumea PSSof the form q,,,;=constant Then only
variables q,,0,,& ,qn,P1.P»,€ Py are neededto describe the evolution
of an orbit onthe PSS,sincep,,, canbefound from the Hamiltonian.

In this sensean N+1 degree of freedom Hamiltonian
systemcorrespondsto a 2N-dimensionalmanp.
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Chaos detection technigques

A Based onthe visualization of orbits
V Poincaré Surface of Section (PSS)
V the color and rotation (CR) method
V the 3D phase space slices (3PSS) technique



The color and rotation (CR) method

For 3 degreeof freedom Hamiltonian systemsand 4 dimensional symplectic
maps

We consider the 3D projection of the PSSand use color to indicate the 4%
dimension

X —-0.1

Katsanikas M and Patsis P A 2011 Int. J. Bif. Chaos 21 467



The 3D phase space slices (3RPSS)
technique

For 3 degreeof freedom Hamiltonian systemsand 4 dimensional symplectic
maps

We considerthin 3D phasespaceslicesof the 4D phasespace(eg. |p,] OU
and presentintersectionsof orbits with theseslices

Richter et al. 2014 Phys. Rev. E 89 022902



Chaos detection technigques

A Based onthe visualization of orbits

V Poincaré Surface of Section (PSS)

V the color and rotation (CR) method

V the 3D phase space slices (3PSS) technique
A Based orthe numerical analysis of orbits

V Frequency Map Analysis

V 0-1 test



Frequency Map Analysis

Create Frequency Mapsby computing the fundamental frequencies of orbits.

Regular motion: The computed frequencies do not vary in time

Chaotic motion: The computed frequencies vary in time

Frequency Maps — Boxes
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Steier C et al. 2002 Phys. Rev. E 65 056506

Papaphilippou Y and Laskar J 1998 Astron. Astrophys. 329 451



Chaos detection technigques

A Based onthe visualization of orbits
V Poincaré Surface of Section (PSS)
V the color and rotation (CR) method
V the 3D phase space slices (3PSS) technique

A Based onthe numerical analysis of orbits
V Frequency Map Analysis
V 0-1 test
A Chaos indicators based othe evolution of deviation vectors from
a given orbit
V Maximum Lyapunov Exponent

V FastLyapunov Indicator (FLI) and Orthogonal Fast Lyapunov
Indicators (OFLI and OFLI2)

V Mean Exponential Growth Factor of Nearby Orbits (MEGNO)
V Relative Lyapunov Indicator (RLI)

V Smaller ALignment Index T SALI

V GeneralizedALignment Index i GALI



Variational Equations

We use the notation x = (94,0, ,dn.P1,P»€ ,Py)'- The
deviation vector from a givenorbit is denotedby

v = (Ux,, UX,, eux,)', with n=2N

The time evolution of v Is given by
the sacalled variational equations:

d_V:-.JC"P C
dt
where
oO | A 2
aly -1y 8’ p - HH ,j=1,2,...,n

Benettin & Galgani, 1979, in Laval and Gressillon (eds.), op cit, 93



Example (HénonHeiles system)

1 1 1
H= =(p2+p2)+ =(x2+v2)|+xy-—y?
(piepg) s (e xy -y
Hami | ton0s equations @t=potion:
[
dpi — H dqi :i Y Iy_ py
dt "~ g, dt p, P, = X-2xy

[Py =-y-X"+yS




Example (HénonHeiles system)

H = %(p§+ p )+ %(X2+y2)+x2y-%y3

Hami | ton0s equations @t=potion:

| .
| . . 1Y=0PB
dp| — H dq| — H Y \I y

dt "~ g, dt p, P, = X-2xy

[Py =-y-x"+y”
In order to getthe variational equationswe linearize the aboveequationsby
substituting X, y, pX, py With x+vy, y+Vv,, p,+Vs, p,+v, where v=(vy,V,,V3,V,) IS
the deviation vector. Sowe get
px+v3 = 'X'V1'2(X+V1)(y+vz) \

D, +V, = -X-V, -2XYy-2XV, -2yV, -2V,V, Y
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Example (HénonHeiles system)

H = %(p§+ p )+ %(x2+y2)+x2y-%y3

Hami | ton0s equations @t=potion:

| . _
dpi_ H dqi _H ¢ Iy_py

dt q, dt p. ?pX:-x-ny‘
[Py =-y-x"+y”
In order to getthe variational equationswe linearize the aboveequationsby
substituting X, y, pX, py With X+vy, y+Vv,, p,+vs, p,+v, where v=(v,,V,,V3,V,) IS
the deviation vector. Sowe get
px+v3 = 'X'V1'2(X+V1)(y+vz) \

Py = XV 20 -2xv, -2y, - 2%, Y

V, = -V, -2yV, -2XV,




Example (HénonHeiles system)
dv

Variational equations: —=J® X

dt
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Example (HénonHeiles system)
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Example (HénorlHeiIes system)

VanaﬂonW —=-] CP

&, 80 0 -1 o a1+2y 2x 0 0
e

X _ D oo -1FT2x 12y 00

® & 00 0&@0 0 10

. D10 o0fo0 o0 01



Example (HénonHeiles system)
dv

Variational equations:; —=-J® X

av, 80 0 -1 0 &l+2y 2x 0 0a&v
e

X _ Doo-1ZTx 12y 0 05,

%, @& 00 020 0 1 0a9,

X. D1o oo o 01§,



Example (HénonHeiles system)
dv

Variational equations: —=-JP [

av, 80 0 -1 0 &+2y 2x 0 04v,
X _ Doo-1ZTx 12y 0 05,
® & 00 020 0 1 089,
X, D10 0Bo0 o o018
GYa ¢ ¢ CVa
Vv, = V,

vV, = Vv,

V, = -V, -2XV,-2yV,

V, = -V,-2XV,+2yV,



Example (HénonHeiles system)
dv

Variational equations: —=-JP [

av, 80 0 -1 0 &+2y 2x 0 04v,
X, _H oo -182x 12y 00F,
®,, & 00 0&0 0 1 0a,
£ & 10 08B0 o0 o018
GYa ¢ ¢ CVa
V, = V,

2 = V4

‘\'/3 = -v1-2xv2-2yv]

V, = -V,-2XV,+2yV,



Example (Hénon-Heiles system)
dv

Variational equations: —=-JP [

av, 80 0 -1 0 &+2y 2x 0 04v,
X _ D oo -1Zx 12y 0 0F,
® ® 0 0 0&0 0 1 089,
&8
., ® 10 080 o0 01§,
Vl — V3 X:px
Vo, = Vy y:py
‘\'/3 = -v1-2xv2-2yv] P, = -X-2Xy
V, = -V,-2XV,+2yv, p, = -y-x*+y?

Complete set of equations



Symplectic Maps

Consider an 2N-dimensional symplectic map T. In this
casewe havediscretetime.

This Is an areapreserving map whose Jacobian matrix

epr, I TW
SHG K XE
ewr, B . T
_HT _¢é
M———éuxl K, XA
e : : :
=
éUTzN oy TH\
g HX, K, XBN

satisfies
0,0,



Symplectic Maps

Consider an 2N-dimensional symplectic map T. In this
casewe havediscretetime.

The evolution of anorbit with initial condition
P(0)=(%(0), %( 0 ) ,\0)) X

IS governedby the equationsof map T
P(i +1)=T P(i) ,

The evolution of an initial deviation vector

v(0) = [@x4(0), ux,( 0 ) Uxg(0))
IS given by the correspondingangent map

v(i+1)= KT (i) ,i=0,1,2,.
UP |



Examplei 2D map

Equations of the map:

' X X, = x,tx
(Xf]=T( 1]: TN (mod 21
X

X, = X,-vsin(x,*+Xx,)



Examplei 2D map

Equations of the map:

X, X, X; = x,tx,
=T = . (mod 27)
X, X, X, = X,-vsin(x,*+Xx,)
Tangentmap:

V(i+1)= ﬁ—; Gv(i)



Examplei 2D map

Equations of the map:
X' X X, = Xx,tx
=1 =t b (mod 27)
X, X, X, = X,-vsin(x,*+Xx,)
Tangentmap:

/+ Y E_-Il;‘| 0

adx
otk



Examplei 2D map

Equations of the map:

X X, X, = X, +x,
=T = . (mod 27)
X, X, X, = X,-vsin(x,*+Xx,)

Tangentmap:

vi+1):ﬁ—;‘ ey (i)
/ \

adxj _ 1 1
g%lx'b -veos(x, +x,) 1-vcos(x,+x,)



Examplei 2D map

Equations of the map:

X, X, X; = x,tx,
=T = . (mod 27)
X, X, X, = X,-vsin(x,*+Xx,)
Tangentmap:

vi+1):ﬁ—;‘ A (i)

adxj _ 1 1
(?:%X'b -veos(x, +x,) 1-vcos(x,+x,)

=

Pg



Lyapunov Exponents

Roughly speaking, the Lyapunov exponents of a given
orbit characterizethe meanexponentialrate of divergence

of trajectories surrounding it.

Consider an orbit in the 2N-dimensional phasespacewith
initial condition x(0) and an initial deviation vector from it
v(0). Then the meanexponentialrate of divergenceis:

We commonly use the Euclidian norm and set
d(0)=[|v(O)|[=1



Lyapunov Exponents

There exists an M-
dimensional basis {&} of v
such that for any v, U takes
one of the M (possibly
nondistinct) values

G,(x(0))= (0), &)
which are the Lyapunov
exponents

Tangent
Space at x

space W

Benettin & Galgani, 1979, in Laval and Gressillon (eds.), op cit, 93

In autonomous Hamiltonian systems the M exponents are ordered in
pairs of opposite sign numbers and two of them are 0.



Computation of the Maximum
Lyapunov Exponent

Due to the exponential growth of v(t) (and of d(t)=||v(t)|])
we renormalize v(t) from time to time.

Nearby trajectory

T‘ry" Tfyrrﬂ
3>
d R+ e —,

1

n+ !d o
’ T-

n & "+ Trajectory
~ n+ n

Figure 5.6. Numerical calculation of the maximal Liapunov characteristic expo-
nent. Here y = x + v and 7 is a finite interval of time (after Benettin et al., 1976).

Then the Maximum Lyapunov exponent is computed as
1.

0, = 1 =g

1 - o Nt ” |



Maximum Lyapunov Exponent

1071t R Stochastic
s “"“t“r.:::‘:;;;:nh
6 oo 0"
102} ~,
._—-\\.‘.\
A AN AN
U, —O Regular motion "" VAN
N .\ I_\'§:\0rdered
.1 0: Chaotic motion o b BN
\.\&\
S
N
102 109 10°

nT

Figure 5.7. Behavior of 6 , at the intermediate energy E = 0.125 for initial points
taken in the ordered (curves 1-3) or stochastic (curves 4-6) regions (after Benettin
et al., 1976).

If we start with more than one linearly independent
deviation vectors they will align to the direction defined by
the largest Lyapunov exponentfor chaotic orbits.
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The
Smaller ALignment Index
(SALI)
method



Definition of the SALI

We follow the evolution In time of two different initial

deviation vectors (v,(0), v,(0)), and define the SALI (Ch.S.
2001, J. Phys A) as

SALI() = min {JE,(0)+ vEQ) | £)-v (B

where

v,

& (1) =
Hv H
When the two vectorsbecomecollinear

SALI (t) Y O




Behavior of the SALI for chaotic motion

For chaotic orbits the two initially
different deviation vectors tend to
coincide with the direction defined
by the maximum Lyapunov
exponent
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Behavior of the SALI for chaotic motion

For chaotic orbits the two initially
different deviation vectors tend to
coincide with the direction defined
by the maximum Lyapunov /..
exponent : -

P . §(Y

() SALI(t)

Trajectory



Behavior of the SALI for chaotic motion

We test the validity of the approximation | SALI~e@-02t| (Ch.S,,
Antonopoulos, Bountis, Vrahatis, 2004 J. Phys. A) for a chaaotic orbit
of the 3D Hamiltonian

3
[l W
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Behavior of the SALI for regular motion

Regular motion occurson a torus and two different initial
deviation vectors becometangent to the torus, generally
having different directions.
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Applications I Hénon-Heiles system

AS an exa

mple,we considerthe 2D Hénon-Heilessystem
L5 L, 5 . ; 1.
Hy = 5(10;21: +P§) + 5(1132 +y?) + 2%y — §y3

For E=1/8 we considerthe orbits with initial conditions;
Regular orbit, x=0, y=0.55, p,=0.2417, p,=0

Chaotic orbit, x=0, y=-0.016, p,=0.49974 p,=0

Chaotic orbit, x=0, y=-0.01344, p=0.49982, p=0

0.5

0F

log(SALI)
&

12 +

-16




Applications I Hénon-Heiles system
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Applications T 4D map

T

Xj = X;tX,

Xp = X,-nsin(x, +X,)- mMl-cos(x +x + x+X

b 2 (1 2) ﬂf (% X X 4)] (mode)
Xp = Xg+X,

Xp = Xg-ksin(x; +X%,)- nfl-cos(x +x +x+x,)] :

For3=0.5, 5=0.1, £=0.1 we considerthe orbits
regular orbit C with initial conditionsx,=0.5, x,=0, x;=0.5, x,=0.
chaoticorbit D with initial conditionsx,=3, x,=0, x,=0.5, x,=0.

logL
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